ABSTRACT. Given an open book decomposition of a contact three manifold (M, ξ) with pseudo-Anosov monodromy and fractional Dehn twist coefficient c = k n , we construct a Legendrian knot Λ close to the stable foliation of a page, together with a small Legendrian pushoff Λ. When k ≥ 5, we apply the techniques of [CH2] to show that the strip Legendrian contact homology of Λ → Λ is well-defined and has an exponential growth property. The work [Al2] then implies that all Reeb vector fields for ξ have positive topological entropy.
INTRODUCTION
In this paper we combine the techniques of [CH2] and [Al2] to obtain results on the topological entropy of a large class of contact 3-manifolds. In order to explain the significance of our result we start by recalling some notions. A cooriented contact structure on a 3-manifold M is a plane field ξ given by ξ = ker α for a 1-form α with α ∧ dα > 0. Such an α is called a contact form on (M, ξ), and it determines a Reeb vector field R α defined by ι Rα dα = 0, α(R α ) = 1. Denote the Reeb flow of R α by φ α = (φ t α ) t∈R . A Legendrian submanifold of (M, ξ) is a 1-dimensional submanifold of M everywhere tangent to ξ. In what follows we assume that our contact structures are cooriented.
The topological entropy h top is a nonnegative number that one associates to a dynamical system and which measures its complexity. We briefly review its definition from [Bo] for a flow φ = (φ t ) t∈R . Fix a metric d on M. Given T > 0 and x, y ∈ M, define
y)).
A subset X ⊂ M is (T, ǫ)-separated if for all x, y ∈ X we have d T (x, y) > ǫ. Writing N(T, ǫ) for the maximum cardinality of a (T, ǫ)-separated subset of M, we define h top (φ) = lim ǫ→0 lim sup
T →+∞ log N(T, ǫ) T .
The positivity of the topological entropy for a dynamical system implies some type of exponential instability for that system. For 3-dimensional flows, the positivity of h top has the following striking dynamical consequence due to Katok [Kat1, Kat2] and Lima and Sarig [LS, Sar] :
Theorem. Let φ be a smooth flow on a closed oriented 3-manifold generated by a nonvanishing vector field. If h top (φ) > 0, then there exists a Smale "horseshoe" as a subsystem of the flow. As a consequence, the number of hyperbolic periodic orbits of φ grows exponentially with respect to the period.
A "horseshoe" is a compact invariant set where the dynamics is semiconjugate to that of the suspension of a finite shift by a finite-to-one map and is considered to be the prototypical example of chaotic dynamics; see [KH] . Combining Theorem 1.1 with this result we obtain the following corollary which is a strengthening of a result proved in [CH2] . Motivated by results on topological entropy for geodesic flows, Macarini and Schlenk used the geometric ideas of [FS1, FS2] to prove in [MS] that if Q is a surface with genus ≥ 2, then on the unit cotangent bundle (S * Q, ξ) equipped with the canonical contact structure ξ every Reeb flow has positive topological entropy. In previous works [Al1, Al2, Al3] , the first author discovered an abundance of examples of contact 3-manifolds with positive entropy: there exist hyperbolic contact 3-manifolds, nonfillable contact 3-manifolds, as well as 3-manifolds with infinitely many nondiffeomorphic contact structures for which every Reeb flow has positive topological entropy.
Since every contact 3-manifold admits a supporting open book decomposition with pseudo-Anosov monodromy, connected binding, and k ≥ 1 by [CH1] , Theorem 1.1 can be interpreted as saying that for "almost all" (apart from k = 1, . . . , 4) tight contact 3-manifolds every Reeb flow has positive topological entropy.
Recall that the second and third authors had previously shown in [CH2] that, when k ≥ 3, for every nondegenerate Reeb vector field the number of periodic orbits grows exponentially with the action and in the degenerate case the total number of periodic orbits is infinite. The proof uses contact homology as follows:
(1) Construct a contact form α on M supported by the open book decomposition, whose Reeb vector field R = R α behaves well with respect to the pseudo-Anosov monodromy. (2) Prove that, when k ≥ 2, the symplectization (R × M, J) of (M, α) contains no J-holomorphic plane asymptotic to a periodic orbit of R at +∞. (3) Prove that, when k ≥ 3, index one J-holomorphic cylinders between periodic orbits of R cannot intersect the trivial cylinder over the binding.
Step (2) implies that the cylindrical contact homology of (M, α) is welldefined. By Step (3), a J-holomorphic cylinder must join two orbits in the same Nielsen class. The key point in the proofs of Steps (2) and (3) is that every J-holomorphic curve in R × M must intersect the J-holomorphic trivial cylinder over the binding positively. By using a suitable Rademacher function Φ (cf. Section 2.3), one can show that the intersection must be empty as soon as k is sufficiently large. One finally uses properties of diffeomorphisms isotopic to pseudo-Anosov homeomorphisms: in every Nielsen class of periodic points, the total Lefschetz index is −1 and the number of Nielsen classes grows exponentially with the period. This is enough to conclude that the dimension of cylindrical contact homology generated by periodic orbits of action less than T grows exponentially with T . Invariance properties of the set of linearized contact homologies yield the result for arbitrary contact forms.
To prove Theorem 1.1 we follow the same strategy combined with the following criterion which generalizes [Al2, Theorem 1]. 
then every Reeb flow on (M, ξ) has positive topological entropy.
We refer the reader to Section 3 for the definition of strip Legendrian contact homology and Definition 6.1 for the definition of an exhaustive sequence.
By Theorem 1.3 it suffices to find a pair of suitable Legendrian knots Λ and Λ that satisfy the conditions of Theorem 1.3. The knot Λ will be constructed in a neighborhood of a page of the open book as the Legendrian lift of an immersed curve L in the page which is close to the stable invariant foliation of the pseudo-Anosov representative of the monodromy. It will have the property that the value of the Rademacher function Φ is 0 on every arc immersed in L. The knot Λ is a small pushoff of Λ in the Reeb direction. The control on J-holomorphic curves required in Theorem 1.3 is then obtained using the method from Steps (2) and (3) of the absolute case, provided k is large enough to take care of the extra leaking coming from the parts in the boundary of potential J-holomorphic curves lying in R × Λ and R × Λ. Proof. Using [CH1] we take a supporting open book for (M, ξ) with pseudoAnosov monodromy h, connected binding K, and fractional Dehn twist coefficient k n with k ≥ 1. The degree five branched cover of (M, ξ) along K is supported by an open book decomposition whose monodromy is h 5 . Its fractional Dehn twist coefficient is 5k n with 5k ≥ 5 and we can apply Theorem 1.1.
We finish the introduction with a question which we believe could be interesting for future investigations: Question 1.5. Does there exist an overtwisted contact 3-manifold on which every Reeb flow has positive topological entropy? Acknowledgements: Our special thanks to Frédéric Bourgeois for explaining to us the construction of the linearized Legendrian contact homology of a directed pair of Legendrian submanifolds, which is part of his joint work with Ekholm and Eliashberg [BEE] .
2. PRELIMINARIES 2.1. Open book decompositions. Definition 2.
1. An open book decomposition of a closed 3-manifold M is a triple (S, h, φ) , where
• S is a compact oriented surface with nonempty boundary;
• the monodromy h : S ∼ → S is a diffeomorphism which restricts to the identity on ∂S; and
Here M(S, h) denotes the relative mapping torus S × [0, 1]/ ∼ h , where ∼ h is the equivalence relation given by (h(x), 0) ∼ h (x, 1) for all x ∈ S and (y, t) ∼ h (y, t ′ ) for all y ∈ ∂S and t, t
The surfaces S × {t}/ ∼ h are the pages of the open book and the link ∂S ×[0, 1]/ ∼ h is the binding. (We will also refer to their images under φ as the "pages" and the "binding".) Note that the manifold M(S, h) is oriented since S and [0, 1] are and M has the induced orientation via φ. The binding is oriented as the boundary of S.
The relationship between contact structures and open book decompositions was clarified by Giroux [Gi] , who notably gave the following definition: A fundamental result of Giroux [Gi] is that every contact structure on a closed 3-manifold is supported by some open book decomposition.
2.2. Fractional Dehn twist coefficients. Let S be a compact oriented surface with nonempty connected boundary and h : S ∼ → S be a diffeomorphism of S which is the identity on the boundary ∂S. We take an orientation-preserving identification ∂S ≃ R/Z. Suppose that h is freely homotopic to a pseudo-Anosov homeomorphism ψ by a homotopy
We define the fractional Dehn twist coefficient c of h to be the rotation number of the isotopy
The pseudo-Anosov map ψ has a stable invariant singular foliation F . Since ∂S ≃ R/Z, the foliation F has a certain number n of singularities x 1 , . . . , x n along ∂S. These singularities are preserved by both h (which is the identity on ∂S) and ψ. This implies that the fractional Dehn twist coefficient of h has the form c = k n . 2.3. The Rademacher function for a pseudo-Anosov map. Let ψ : S ∼ → S be a pseudo-Anosov homeomorphism of a compact oriented surface with nonempty connected boundary. We define a quasi-morphism Φ : π 1 (S) → Z that is invariant under ψ, called the Rademacher function. Our actual map will rather be defined on the space of homotopy classes of oriented arcs in S relative to their endpoints. It has the following properties:
(1) Φ(δ 0 δ 1 ) = Φ(δ 0 ) + Φ(δ 1 ) + ǫ, ǫ = −1, 0, 1; (2) Φ(e) = 0; and (3) Φ(δ) = −Φ(−δ). Here δ 0 and δ 1 are arcs in S where the terminal point of δ 0 equals the initial point of δ 1 and δ 0 δ 1 is their concatenation; e is any constant arc; and −δ is δ with reversed orientation.
To construct Φ, we consider the stable invariant foliation F of ψ with saddle singularities x 1 , . . . , x n on ∂S. We denote by P i , i = 1, . . . , n, the separatrix in int(S) that limits to x i ; it is called a prong. By slight abuse of notation we assume that P i contains x i . We orient the prongs so that their intersection point with ∂S is positive. Let δ be an oriented arc in S and δ a lift of δ to the universal cover S of S. For any component D of ∂ S, we consider P D , the union of all the lifts of P 1 , . . . , P n with initial point on D. If the (algebraic) intersection number of δ with P D is greater than or equal to 2, we set n P D ( δ) to be the intersection number of δ and P D minus 1. If the intersection number of δ with P D is less than or equal to −2, we set n P D ( δ) to be the intersection number of δ and P D plus 1. Otherwise, we set
The properties of Φ are proven in [CH2] . In particular, the sum has finitely many nonzero terms.
REVIEW OF CONTACT HOMOLOGY
In this section we review the linearized Legendrian contact homology of a directed pair of Legendrian submanifolds Λ → Λ in a contact manifold (M, ξ). This was explained to us by Frédéric Bourgeois and is part of his joint work [BEE] with Ekholm and Eliashberg. 3.1. Cobordisms and almost complex structures.
3.1.1. Symplectizations. Let (M, ξ) be a contact manifold and α a contact form for (M, ξ). The symplectization of (M, ξ) is the product R × M with the symplectic form d(e s α), where s denotes the R-coordinate on R × M. The 2-form dα restricts to a symplectic form on the vector bundle ξ and it is well-known that the set j(α) of dα-compatible almost complex structures on the symplectic vector bundle ξ is nonempty and contractible. Notice that if M is 3-dimensional, the set j(α) does not depend on the contact form α on (M, ξ).
1
Any mistakes or imprecise statements in the presentation are our responsibility.
Given j ∈ j(α), there exists an R-invariant almost complex structure J on R × M such that:
where R α is the Reeb vector field of α. We will denote by J (α) the set of almost complex structures in R × M that are R-invariant and satisfy (3.1.1) for some j ∈ j(α). 
We will write α + ≻ ex α − if there exists an exact symplectic cobordism from α + to α − . We remind the reader that α + ≻ ex α and α ≻ ex α − imply α + ≻ ex α − ; or in other words the exact symplectic cobordism relation is transitive; see [BEHWZ] for a detailed discussion on symplectic cobordisms with cylindrical ends. Notice that a symplectization is a particular case of an exact symplectic cobordism.
is nonempty and contractible.
3.1.3. SFT-admissible exact Lagrangian cobordisms. Let ( W , ̟ = dκ) be an exact symplectic cobordism from α + to α − .
, and N > 0 such that, with respect to the identifications Ψ + and Ψ − :
If such an L is an exact Lagrangian submanifold of ( W , dκ), we call it an exact Lagrangian cobordism from
exists a primitive of κ| L which vanishes outside some compact subset of L, then L is called an SFT-admissible exact Lagrangian cobordism. All exact Lagrangian cobordisms used in this paper are SFT-admissible.
3.2. Pseudoholomorphic curves. Let α be a contact form for (M, ξ), J ∈ J (α), and Λ be a Legendrian submanifold of (M, ξ). Let (S, i) be a connected compact Riemann surface, possibly with boundary, Ω ⊂ S be a finite ordered set, and
The operator ∂ J above is called the Cauchy-Riemann operator for the almost complex structure J.
An analogous definition exists for exact symplectic cobordisms. Let (W, d̟) be an exact symplectic cobordism from a contact form
in the sense of [BEHWZ] , and L be an SFT-admissible exact Lagrangian cobordism in (W, d̟) from a Legendrian submanifold
) with boundary on L in a manner analogous to Definition 3.4.
3.2.1. Hofer energy. All pseudoholomorphic curves considered in this paper have finite Hofer energy (cf. [H, BEHWZ] ). This is essential to guarantee that the curves behave well near the points of Ω and to ensure the compactness of the relevant moduli spaces. By the finiteness of Hofer energy, the holomorphic maps u : (S \ Ω, i) → ( W , J) have a very controlled behavior near the points of Ω: they are either removable or are asymptotic to Reeb orbits or Reeb chords, as shown in [Ab, H, HWZ] . For simplicity we assume there are no removable points.
The elements of the set Ω ⊂ S are called punctures of u; the elements of Ω ∂ are boundary punctures and the elements in Ω \ Ω ∂ are interior punctures. The works [Ab, H, HWZ] classify the punctures in four different types (here we are writing u = (r, u) at the ends):
• z ∈ Ω is a positive (resp. negative) boundary puncture if z ∈ Ω ∂ and lim z ′ →z s(z ′ ) = +∞ (resp. −∞); in this case u is positively (resp. negatively) asymptotic to a Reeb chord near z;
• z ∈ Ω is a positive (resp. negative) interior puncture if z ∈ Ω \ Ω ∂ and lim z ′ →z s(z ′ ) = +∞ (resp. −∞); in this case u is positively (resp. negatively) asymptotic to a Reeb orbit near z. Intuitively, on a neighborhood of a puncture, u detects a Reeb chord or a Reeb orbit. If u is asymptotic to a Λ-nondegenerate Reeb chord or a nondegenerate Reeb orbit at a puncture, more can be said about its asymptotic behavior in the neighborhood of this puncture. In this case u limits to Reeb chords and Reeb orbits exponentially fast at the punctures: this is crucial to define a Fredholm theory for J-holomorphic curves.
We will now define the three different types of pseudoholomorphic curves that are used in this paper.
3.2.2.
Curves of Type A. Let α be a contact form for (M, ξ) and J ∈ J (α). Let γ + be a nondegenerate Reeb orbit of α and let
be an ordered sequence of nondegenerate Reeb orbits of α.
• u is positively asymptotic to γ + near z + ; and
Here i 0 is the standard complex structure on S 2 .
Let M(γ + , γ − ; J) be the moduli space of equivalence classes of finite energy J-holomorphic curves of Type A in (R×M, J) asymptotic to (γ
The translation in the s-direction induces an R-action on M(γ + , γ − ; J) and we write M(γ
Modifiers. We also introduce the modifier * as in M * (⋆) to restrict the moduli space M(⋆). For example, when * is ind = k, we restrict to curves of Fredholm index k, and when * is A, we restrict to curves representing a relative homology class A.
A similar definition holds when ( W , dκ) is an exact symplectic cobordism from a contact form α 
3.2.3. Curves of Type B. Let α be a contact form on (M, ξ), J ∈ J (α), and Λ be a Legendrian submanifold of (M, ξ). 
is an ordered collection of points in the interior of D, and u :
is a finite energy J-holomorphic curve satisfying:
• if we make one full turn in S 1 in the counterclockwise sense starting at 1 we hit the points of
, where the equivalence relation is analogous to the one for Type A. Again there is an R-action on M(σ + , σ − , γ − ; J) and we set
Next suppose that ( W , dκ) is an exact symplectic cobordism from a contact form α 
Using the same recipe as above we define the moduli space M(τ
Next suppose that ( W , dκ) is an exact symplectic cobordism from a contact form α
is an ordered sequence of α − -Reeb chords from Λ − to itself, and
is an ordered collection of Reeb orbits of α − , we can define finite energy holomorphic curves of
3.2.5. Compactification of moduli spaces. By the results of [BEHWZ] , a moduli space M of Type A, B or C admit a natural compactification M called the SFT compactification. The compactification M consists not only of pseudoholomorphic curves but also of multiple-level pseudoholomorphic buildings in the sense of [BEHWZ] . Pseudoholomorphic buildings are collections of pseudoholomorphic curves which satisfy certain matching conditions. We refer the reader to [BEHWZ] for the precise definitions.
From now on we restrict attention to the case where the contact manifolds are 3-dimensional and the symplectic cobordisms are 4-dimensional.
3.3. Full contact homology. The full contact homology of a contact manifold, introduced in [EGH] , is an important invariant of contact structures. We refer the reader to [EGH] and [B] for detailed presentations of the material contained in this subsection.
Let (M, ξ) be a contact 3-manifold, α a nondegenerate contact form for ξ, and R α the Reeb vector field for α. We denote by P(α) the set of good contractible periodic orbits of R α . To each orbit γ ∈ P(α), we assign a Z/2-grading |γ| = µ CZ (γ) − 1 mod 2. An orbit γ is called good if it is either simple, or if γ = (γ ′ ) i for a simple orbit γ ′ with |γ| = |γ ′ |. We will be assuming the following: Hypothesis H. There exists a perturbation scheme P which consists of J ∈ J (α) and an assignment of a transversely cut out Q-weighted branched manifold Z A (γ, γ ′ ) to each compactified moduli space M A (γ, γ ′ ; J) which satisfies the following:
, is transversely cut out, and has Fredholm index ind = 1, then #M A (γ, γ ′ ; J) = #Z A (γ, γ ′ ), where # refers to the weighted algebraic count;
where the disjoint union is over all pairs of ind = 1 moduli spaces that formally glue to yield a curve from γ to γ ′ .
Hypothesis H has now been proven by Bao-Honda [BH] ; Pardon [Pa1, Pa2] gives an algebraic substitute. Establishing Hypothesis H could also be done using the polyfold technology of Hofer-Wysocki-Zehnder [HWZ2] or the Kuranishi structures of Fukaya-Oh-Ohta-Ono [FO3] .
We now describe the contact homology differential graded algebra (dga) A(M, α, P). As an algebra A(M, α, P) is the graded commutative Qalgebra with unit generated by P(α). The commutativity means that the relation ab = (−1) |a||b| ba is valid for all a, b ∈ A(M, α, P). The Z/2-grading on the elements of the algebra is obtained by considering on the generators the grading mentioned above and extending it to A(M, α, P).
We define the differential ∂ on γ ∈ P(α) as follows:
where the sum is taken over all finite ordered collections γ ′ of elements of P(α), A(γ, γ ′ ) ∈ Q is the algebraic count of points in Z ind=1 (γ, γ ′ ) and m(γ) is the multiplicity of γ. The map ∂ is extended to the whole algebra by the graded Leibniz rule.
Part (2) of Hypothesis H implies that ∂ 2 = 0. Therefore, A(M, α, P) is a Z/2-graded commutative dga.
Definition 3.8. The full contact homology HC(M, α, P) is the homology of the dga A(M, α, P).
The full contact homology is independent of the choice of contact form α for (M, ξ), the choice of the cylindrical almost complex structure J ∈ J (α), and the choice of abstract perturbation scheme P.
3.4.
The Legendrian contact homology of a Legendrian knot. Let Λ be a Legendrian knot in (M, ξ) and let α be a nondegenerate, Λ-nondegenerate contact form for (M, ξ). Let T α (Λ) be the set of α-Reeb chords starting and ending at Λ, and that are trivial in π 1 (M, Λ).
Using a perturbation scheme P which extends that of full contact homology and which will usually be suppressed from the notation, one similarly associates to (α, Λ) a differential graded algebra C(M, α, Λ). This construction is due to Eliashberg, Givental and Hofer and was outlined in [EGH, Section 2.8] . The algebra C(M, α, Λ) is the Z/2-graded associative unital algebra generated by elements of T α (Λ) and P(α) with the relations
for all γ 1 , γ 2 ∈ P(α) and σ ∈ T α (Λ). Equivalently, we can think of C(M, α, Λ) as the Z/2-graded associative unital algebra generated by elements of T α (Λ) with coefficients in A(M, α). It is then clear that C(M, α, Λ) is a right and left module over the differential graded algebra A(M, α). The degree |σ| of an element σ ∈ T α (Λ) is given by the parity of its ConleyZehnder index minus one, and is again extended algebraically to the whole algebra.
We define a differential ∂ Λ on the generators σ of T α (Λ) as follows:
where the sum is taken over all finite ordered collections σ ′ of elements of T α (Λ) and all finite ordered collections γ of elements of P(α), C(σ, σ ′ , γ) ∈ Q is the algebraic count of the perturbation Z ind=1 (σ, σ ′ , γ) of M ind=1 (σ, σ ′ , γ; J) and m(γ j ) is the multiplicity of the Reeb orbit γ j . The differential is extended using the graded Leibniz rule. In particular, if γ ∈ A(M, α) and
The Legendrian contact homology analog of Hypothesis H and the outline given in [EGH, Section 2.8] imply that ∂ 2 Λ = 0.
3.5. The opposite of (C(M, α, Λ), ∂ Λ ). We recall the notion of the opposite of (C(M, α, Λ), ∂ Λ ); cf. [HL, St] for the definition for general differential graded algebras. First we define for all elements a, b ∈ C(M, α, Λ) the product (3.5.1)
The algebra obtained by considering the addition and multiplication by scalars as in C(M, α, Λ) and the product • op is called the opposite of C(M, α, Λ) and is denoted by C op (M, α, Λ). We also consider the grading for C op (M, α, Λ) to be the same as that for C(M, α, Λ). On C op (M, α, Λ) we consider the differential ∂ Λ defined on C(M, α, Λ). A direct computation shows that ∂ Λ is a differential on C op (M, α, Λ) since it satisfies the graded Leibniz rule
3.6. The Legendrian contact homology of a pair Λ → Λ. The homology we present in this subsection is the one described in [BEE, Remark 7.4 ]; a similar construction appears in [Ek] . Let Λ and Λ two disjoint Legendrian knots on (M, ξ). Suppose that α is nondegenerate and Λ∪ Λ-nondegenerate. Let T α (Λ → Λ) be the set of α-Reeb chords with initial point on Λ and terminal point on Λ. Again we use a perturbation scheme P which will usually be suppressed from the notation. We first consider the dga
Here
where the sum is taken over all ordered finite collections σ = (σ 1 , . . . , σ n ) of elements in T α (Λ), all ordered finite collections σ
, and all ordered finite collections γ = (γ 1 , . . . , γ m ) of elements in P(α), and B(τ, τ ′ , σ, σ − , γ) is the algebraic count of the Combining these observations we conclude that the correct choice is to construct B(M, α, Λ → Λ) as a right module over
3.7. Augmentations and strip Legendrian contact homology. The goal of this subsection is to explain augmentations and the linearization process, introduced to Legendrian contact homology by Chekanov [Ch] . This allows us to define a differential ∂ ǫ Λ→ Λ on the Q-vector space LC ǫ (α, Λ → Λ) generated by T α (Λ → Λ) in the presence of an augmentation ǫ.
An augmentation ǫ A(M,α) for A(M, α) is a dga morphism A(M, α) → Q with the trivial differential for Q, i.e.:
where 1 is the unit in A(M, α).
An augmentation ǫ C(M,α,Λ) for C(M, α, Λ) is a dga morphism C(M, α, Λ) → Q, i.e.: (3.7.4) where 1 is the unit in C(M, α, Λ). It is straightforward to check that an augmentation ǫ C(M,α,Λ) for C(M, α, Λ) is also an augmentation for the opposite dga (C op (M, α, Λ), ∂ Λ ).
Definition 3.10. Given augmentations ǫ A(M,α) , ǫ C(M,α,Λ) and ǫ C(M,α, Λ) that satisfy the following compatibility condition:
for every a ∈ A(M, α), the composite augmentation We are now ready to define our differential ∂ ǫ Λ→ Λ on the Q-vector space LC ǫ (α, Λ → Λ). We define for each σ ∈ T α (Λ → Λ)
It is a theorem of Bourgeois, Ekholm and Eliashberg that (∂
To see this we first define a map
A direct computation shows that the diagram
In the special case that
• there is no index one holomorphic plane asymptotic to a periodic orbit of R α and • there is no index one once-punctured holomorphic disk asymptotic to a Reeb chord for Λ or Λ, the trivial map ǫ which vanishes for all Reeb chords and Reeb orbits and restricts to the identity on Q is an augmentation. The corresponding linearized Legendrian contact homology LCH ǫ (α, Λ → Λ) whose differential counts pseudoholomorphic strips is called the strip Legendrian contact homology of Λ → Λ. It is denoted LCH st (α, Λ → Λ).
3.8. Pullback augmentations and linearizations. As shown in [BEE] one can use exact symplectic cobordisms to pull back linearizations. We explain this in more detail.
Let (R × M, dσ) be an exact symplectic cobordism from a contact form α for (M, ξ) to a contact form α 0 for (M, ξ). Let L, L ⊂ (R × M, dσ) be disjoint, cylindrical SFT-admissible exact Lagrangian cobordisms from Legendrian knots Λ, Λ to themselves.
The cobordisms (R × M, dσ, L) and (R × M, dσ, L) induce chain maps
By the arguments of [BEE, EGH] , the chain maps Ψ R×M,dσ,L and Ψ R×M,dσ, L are quasi-isomorphisms. It is straightforward to check that the fact that
is a composite augmentation, then we can define a composite augmentation
3.9. Action filtration. There is an action filtration on contact homology and Legendrian contact homology. To see this we first note that if J ∈ J (α) and
is a finite energy J-holomorphic curve in the symplectization (R×M, d(e s α)), then S u * dα ≥ 0 and moreover S u * dα = 0 if and only if u is either a trivial strip over a Reeb chord or a trivial cylinder over a Reeb orbit; see [Ab, H] .
Let (z (3.9.1)
It is immediate that
M(γ + , γ − ; J) = ∅ if A(γ + ) ≤ n j=1 A(γ − j ) and anal- ogous statements hold for M(σ + , σ − , γ − ; J) and M(τ + , τ − , σ − , σ − , γ − ; J).
These considerations imply that:
• the subalgebra A ≤T (M, α) of A(M, α) generated by the Reeb orbits of α with action ≤ T is a sub-dga of (A(M, α), ∂), • the algebra C ≤T (M, α, Λ) of C(M, α, Λ) generated by Reeb orbits and Reeb chords with action ≤ T is a sub-dg-algebra of (C(M, α, Λ), ∂ Λ ), and a module over
generated by Reeb orbits and Reeb chords with action ≤ T endowed with the differential ∂ Λ→ Λ is a dg-module over C
In the same way as in Section 3.7 we can consider augmentations on
CONSTRUCTIONS
The goal of this section is to construct the Legendrians Λ, Λ, and the contact forms α ǫ,ǫ ′ that are used in the proof of Theorem 1.1. 4.1. Review of [CH2] . We first recall some notation and the construction of a family of controlled contact forms from [CH2] . Let (S, h) be a supporting open book decomposition of (M, ξ) where:
• ∂S is connected;
• h is homotopic to a pseudo-Anosov homeomorphism ψ of S. The singularities of the stable foliation F along ∂S are x 1 , . . . , x n and the ones in the interior of S are y 1 , . . . , y q . We first consider a small neighborhood N(S) of ∂S in S such that the component of ∂N(S) contained in the interior of S is a concatenation of arcs that are alternately tangent to and transverse to F . Let a i be the transverse arc of ∂N(S) corresponding to y i . Then we look at the separatrices emanating from the interior singularities y j and cut them at the first moment they enter N(S). The corresponding arcs from y j to ∂N(S) are called
Recalling that P i is the prong emanating from x i , we similarly let P ′ i be the first component of P i ∩ (S − int(N(∂S))) that can be reached from the singular point x i , traveling inside an arc (called p i ) of P i . The arc P ′ i has endpoints on int(a i ) and some int(a i ′ ). Now, for each j, we define N(y j ) to be a sufficiently small neighborhood of Q
is a concatenation of arcs that are alternately tangent to and transverse to F .
We define the subset
Here the boundary of the neighborhoods N(P ′ i ) are also alternatively tangent to and transverse to F .
By [CH2, Claim 6 .4] we know that F | S ′′ is orientable. In [CH2, Proposition 6.3] , the second and third authors construct a 1-form β on S which has the following properties:
(P1) ker β = F on S ′′ ; (P2) β is nonsingular (i.e., has no zeros) away from N(∂S) and from a very small neighborhood of the interior singularities y i ; (P3) β has an elliptic singularity in each component of N(∂S)−∪ 1≤j≤n p i . An important point in what follows is that (P4) a nonempty subset of the leaves from each elliptic singularity e in N(∂S) − ∪ 1≤j≤n p i go to the boundary ∂S. This means that we can take the dβ-area of a small disk around each elliptic singularity e to be arbitrary large without affecting the value of β in S − N(∂S). Proof. We claim that there exists an oriented embedded closed curve L 0 = δ 0 ∪ δ 1 (see Figure 1 ) in S such that: (L1) δ 0 is a sufficiently short arc transverse to F , δ 1 is a (long) arc tangent to F , and int(δ 0 ) ∩ int(δ 1 ) = ∅ (L2) δ 1 is not contained in a separatrix; (L3) δ 1 is positively (or negatively) transverse to δ 0 at its two boundary points and the sign is the same for both; (L4) every closed curve on S which is the union of a nontrivial embedded subarc of δ 0 and an arc tangent to F is π 1 -injective in S.
This follows from the density of the leaves of the stable foliation F and we briefly sketch the idea. Let r 0 ∈ int(S) be a point not on a separatrix and let L be a half-leaf of F starting from r 0 . We take a short arc c that is transverse to F and has r 0 as an endpoint and consider the first point of return r 1 of L to c. If L and c intersect with the same sign at both r 0 and r 1 , then we are done. Otherwise, consider the second point of return r 2 of L to the subarc [r 0 , r 1 ] of c. Then either r 0 and r 2 have the same sign or r 1 and r 2 have the same sign, and we are done.
(L4) is due to the fact that leaves of F are quasi-geodesic for some hyperbolic metric on S and δ 0 is sufficiently short.
Next we apply the construction of β in such a way that N(∂S) ∩ L 0 = ∅ and δ 1 ⊂ S ′′ . This can be done by taking N(S), ∪ 1≤j≤q int(N(y j )) and
We will now modify L 0 to L so that L β = 0 while preserving conditions (B) and (C); see Figure 2 . We extend δ 1 at both ends by arcs a and a ′ that are tangent to F until they hit N(∂S) and then go inside N(∂S) to the elliptic singularity e or e ′ of ker β contained in the appropriate component of N(∂S) − ∪ 1≤j≤n p i . Notice here that a and a ′ might intersect δ 0 at some interior points. Depending on the sign of L 0 β, we take L to be the result of applying a finger move to L 0 along a or a ′ so that it circles around e or e ′ ; say we are using a. (The orientation condition (L3) tells that the two possibilities contribute different signs.) Applying the finger move means we delete a small portion of δ 0 from L 0 and replace by a long arc with the same endpoints that is tangent to F in S ′′ and that goes around e in N(∂S) without crossing the p i 's. Since the dβ-area around e can be made arbitrarily The Legendrian Λ is taken to be a small pushoff of Λ in the Reeb direction which is also contained in S × [−c, c] ⊂ S × R.
4.3. Construction of the contact forms α ǫ,ǫ ′ . The construction of the contact form α ǫ,ǫ ′ and the corresponding Reeb vector field R ǫ,ǫ ′ then follows the lines of [CH2, Section 6 .2], where we are using the 1-form β satisfying Lemma 4.1. The only difference is that we plug into the mapping torus Proof. The proof is the same as those of [CH2, Theorems 8.1 and 9.2]. We sketch it for Λ (the proof is identical for Λ). Arguing by contradiction, suppose that such a once-punctured holomorphic disk u = (r, u) exists for Λ.
First suppose that the M-component u does not intersect the binding K. In this case the Reeb chord must correspond to a double point of L and there is a projection of u to S which takes the boundary of u to L. However by (L4) no curve in L that turns once at a double point is contractible, a contradiction.
On the other hand, if u intersects K, then we remove a neighborhood N(K) of K, choose a page which is disjoint from Λ and cut M − N(K) along this page. As explained in [CH2, Sections 8 and 9] , if we perform these cutting operations on u and project to S using the projection π S : S × [0, 1] → S onto the first factor, then we obtain a disk D.
We claim that Φ(∂D) = 0. Indeed, as in the absolute case ∂D can be written as a concatenation of arcs, where the only difference here is that one of these arcs is the π S -projection of an arc d that lies in Λ. By construction, π S (d) ⊂ L and hence satisfies Φ(π S (d)) = 0. Since there is also one extra concatenation to consider, we lose an extra degree of precision and conclude that if k ≥ 3 (instead of 2), such an disk cannot exist.
Since we already know from [CH2, Theorem 8 .1] that, given N ≫ 0, for sufficiently small ǫ, ǫ ′ > 0 there are no holomorphic planes asymptotic to closed orbits of R ǫ,ǫ ′ of α ǫ,ǫ ′ -action ≥ N when k ≥ 2, we conclude that the strip Legendrian contact homology of Λ → Λ is well-defined when k ≥ 3. Proof. The proof is again same as that of [CH2, Theorem 9 .2] that prevents holomorphic cylinders from intersecting the binding, except that we have to concatenate two extra arcs coming from the boundary components of the holomorphic strip that map to Λ and Λ. Since Φ = 0 on these extra arcs by Lemma 4.1 (B) , the theorem follows without more effort at the cost of replacing the inequality k ≥ 3 by k ≥ 5 to take care of the possible extra leaking of 2 due to the two extra concatenations.
GROWTH OF THE NUMBER OF REEB CHORDS AND POSITIVITY OF TOPOLOGICAL ENTROPY
6.1. A heuristic argument. Let (M, ξ) be a contact 3-manifold which admits a supporting open book decomposition whose binding is connected and whose monodromy is homotopic to a pseudo-Anosov homeomorphism with fractional Dehn twist coefficient k n with k ≥ 5. Let Λ and Λ be a pair of disjoint Legendrian knots in (M, ξ) constructed in Section 4.2.
We give a heuristic argument for the exponential growth of strip Legendrian contact homology. Assume that there is a fixed contact form α for (M, ξ) that satisfies the conclusions of Theorems 5.1 and 5.2. Let G(τ ) be the number of times the chord τ of Λ or Λ intersects the page S × { 1 2 }. By Theorem 5.2 the differential for strip Legendrian contact homology counts strips in the mapping torus of (S, h), i.e., if there is a holomorphic strip u between two chords τ, τ ′ , then G(τ ) = G(τ ′ ). Hence there exists a direct sum decomposition of the strip Legendrian chain complex
Now by the properties of pseudo-Anosov maps (cf. [FLP] and [FM, Theorem 14.24] ), the geometric intersection number between L and ψ m (L) grows exponentially at a rate of λ m , where λ is the stretch factor for the pseudo-Anosov map. Hence there exist numbers a > 0 and b such that:
We also remark that we may replace "G = m" by the condition "≤ m" on the action. The difficulty is that, instead of a single contact form α, we have constructed a sequence of contact forms for which we control orbits up to a certain action. The actual argument runs through direct limits as detailed in the next subsection. Proof.
(1) and (2). Pick C > 1 and a sequence L i such that L i+1 > 16CL i . We then apply Lemma 6.2 to obtain a sequence α i = G i α 0 . Note that
} ≤ 4 and L i+1 > 16CL i implies that L i+1 > CN i N i+1 L i . Hence we have an exhaustive sequence (α i = G i α 0 , L i ) to which Theorems 5.1 and 5.2 apply. The strip Legendrian contact homology LCH where ℓ < L i and ǫ is the pullback of the trivial augmentation via the cobordism W j (α). Note that the trivial augmentation for (α i , Λ → Λ) is chain homotopic to the pullback of ǫ via W i (α), and hence induce isomorphic linearizations.
2
The Lagrangians will be suppressed from the notation.
Since L j ≥ K 2 c 2 L i for j ≫ i, in view of Equation (6.2.1), we can view Ψ W j (α) instead as a map
The gluing of W i (α) and W j (α) yields an exact symplectic cobordism W i j (α) which is homotopic to W i j as exact symplectic cobordisms; we are still using SFT-admissible exact Lagrangians R × (Λ ∪ Λ).
By the homotopy invariance and functoriality of cobordism maps,
